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Bethe approximation for a model of polymer solvation
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The phase diagram of a recently proposed model for the solvation of monomers and polymers in water is
studied in the homopolymer case, and several thermodynamic quantities are computed by means of pair
approximation of the cluster variation method, i.e., the Bethe approximation. The model takes into account the
water degrees of freedom in a simplified way, so that they can be integrated out analytically. The resulting
effective Hamiltonian contains only a temperature-dependent water-monomer interaction and its phase diagram
can be easily studied thanks to the simplicity of the Bethe approximation and exhibits, for a hydrophobic
polymer, both cold and warm unfolding transitions in a wide region of the parameter space. This suggests that
the present one might be a toy-model description of the phase behavior observed experimentally in water
solutions of hydrophobic polymers, such as pblyisopropylacrylamide(PNIPAM), as well as a step to
understand the mechanism of cold unfolding in proteins.
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Increasing attention has been devoted in recent years to We shall now describe in some detail the model proposed
the cold unfoldingphenomenon. Both proteirfd] and ho- in [13,14], then the Bethe approximatidid 6], and finally,
mopolymers, such as polMtisopropylacrylamideand poly  our results.

(N-isopropylmethacrylamide[2—4] in water solution, ex- The model proposed in[13,14 deals with two-
hibit this phenomenon, that is, they change from a compaciimensional waterlike molecules with three equivalent hy-
globulelike configuration to a swollen, coil-like configuration drogen bonding arms, as those studied[#¥—20. The
upondecreasinghe temperature. In both cases, hydrophobicmodel is defined on a two-dimensional lattice of coordina-
interactions seem to play a crucial role in stabilizing theion numberz. Every lattice site can be occupied by a mono-

compact state. mer or byz clusters ofmwater molecules, each cluster being

_Although the warm unfolding phenomenon has beeny cqntact with one of the nearest neighbor sites. In this
widely studied in the pasf5], theoretical studies of cold way an isolated monomer is in contact witldifferent clus-

ynfoldmg appeareq .only n th‘? last years, focusing on the[ers (which represent its hydration shellvhile a monomer
importance of epr|C|t_Iy _takmg Into account soIvenF degreesm a polymer chain can be in contact with- 2 water clusters
of freedom[6—14)]. This is not at all a trivial task, since the

solvent to be considered is water, a tetrahedrally coordinatefit MOSt The relevant physics of water molecules is described

network-forming fluid, whose physics is rather complex, as" & Simplified way up to the cluster scale, and interactions
revealed for example by the anomalous behavior of densitpetween different clusters are not explicitly considered.
and other observables. Clusters are divided into two classésilk clusters, which
Among several attempts, one of us proposed a model'e in contact with a site occupied by water, all ones,
[13,14) capable of describing the solvation of both singleWhich are in contact with a site occupied by a monomer. The
monomers and polymeric chains, which takes into accountn water molecules belonging to a given cluster are allowed
in a simplified way, the effect of hydrogen bonding on theto form a maximum of &/2 hydrogen bonds. In &ulk
arrangement of water molecules around solute moleculegshel) cluster, each hydrogen bond lowers the energy by an
The model is simple enough that water degrees of freedordmounthy, (hs). Hydrogen bonds are represented by har-
can be integrated out analytically, yielding the solvation freemonic oscillators, and can be broken independently of one
energy in the case of a single molecule and, in the case of @other. An overall additional energy shift representing
polymer, an effective Hamiltonian depending on|y on thenonbonding contributions, is attributed to a shell cluster.

number of water-monomer Contaofm’, equiva|ent|y’ on the Bulk and shell clusters also differ in their allowed con-
number of monomer-monomer contdatsith a temperature-  figurations[13,14. Molecules in a bulk cluster can foriif
dependent interaction Strength. they are CorreCtIy oriente}mydrogen bonds with the mol-

The case of a nonpolar homopolymer of fixed, finite €cules in the adjacent cluster, up to a maximunypbonds.
length has been studied [13,14 by taking a Poissonian Molecules in a shell cluster can form up to a maximungof
approximation, based on the results reportedili], to the  hydrogen bonds with the solute. A hydrophobic solute is
number of polymer configurations having a given number ofrepresented bys=0.
contacts. In the present paper, we shall take a different ap- With the above assumption, the density of states of a clus-
proach by looking at the infinite length limit in the Bethe ter, and hence its partition function, can be computed ana-
approximation[16]. This is particularly convenient since it lytically, yielding
allows a simple and reasonably accurate determination of
phase transitions in the infinite length limit, essentially in a ol
closed form. Zp =Ap,
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Zglu:Ase—BKm, (1)  The site and pair independent configurations are those re-
ported in[16] if we reinterpret an empty site as a water site.
where b and s stand for bulk and shell, respectivel)§ ~ The site probabilitys, is that of a site occupied by a mono-
=1/T is the inverse temperatuigaking Boltzmann’s con- mer and has a multiplicityns(1)=z(z—1)/2, which takes
stant as unity K=2(h,—hy)+J and the functionsA, into account the possible orientations of the links in the poly-
=Ap(B:hy.0p) and A=A4(B;hs,qs) are reported in Mer chain;s, is the probability of a site being occupied by
[13,14). water and has multiplicityng(2)=1. The pair probabilityp,
In the case of a homopolymer the above cluster partitions that of a pair occupied by two monomers that are consecu-
function leads to an effective, temperature-dependent, watetive in the polymer chain, and has multiplicity,(1)=(z

monomer contact interaction given by Tlogx, wherex — —1)% pz is that of a pair occupied by two monomers that
=AGA, exp(~BKm), and hence to the grand-canonical par-areé not consecutive in the polymer chaja monomer-
tition function monomer contagtand has muiltiplicitym,(2)=[(z—1)(z

—2)/2)%; p; is the probability of a water-monomer contact
* and has multiplicitymy(3)=(z—1)(z—2); finally, p, is the
E=> (ZZAN"Dexp BuL)>, xNum, (2)  probability of a pair of sites both occupied by water and has
L=0 SL multiplicity 1. One can show that the probabilities can be

. . . . . written as functions op andn,,, as
where N is the number of lattice sitegy is the chemical b wm

potential for monomers$, is the set of self-avoiding walks 2p
(SAWSy) of lengthL, andN,,, denotes the number of water- 1= ,
. 2(z—1)
monomer contacts in a walk.
Introducing the numbeN,,,,, of monomer-monomer con-
tacts, which is related tdl,,, by the identity s;=1-p,

Nwm* 2Npm=(z—2)L+ 2, 3 ) 2p
1~ ’

the model can be mapped on a SAW model with an effective 2(z-1)°
monomer-monomer contact interaction given blyl&gx.

Although we refer td 13,14 for the full analytic expres- ) 4p 4Anym
sion of x, it is important to notice here that, in the limit 2T oy o a2/ o2’
—0, the effective water-monomer couplingT logXx tends Az=DHz=2) Az=1)%(z=2)
to K. For K<0, corresponding to lim, ox= +o, water-
monomer contacts lower the energy, and hence the ground Ds= 2Mwm
state of the polymer will be an extended one. On the other ¥ 2(z-1)(z-2)°
hand, for K>0, corresponding to lim, ox=0", water-
monomer contacts raise the energy, and the ground state will Nywm
be a compact one. Pa=1l—p——~. (6)

The model described by the above grand-canonical parti-

tion function can be easily studied in the infinite length, in-\ye are left with only two variational parametepsandn,,
.. . . . . wm?
finite dilution limit L —ce, L/N—0, by means of the Bethe 44 in order to study the infinite dilution limit we shall tune
approximation fo_r SAWSs outh_ned |'|1j16]. The variational 1o chemical potential in such a way thaiand hence also
free-energy density can be written in the form Nwm tends to zerdthis is strictly true only for a homoge-

. neous system, while for a phase separating system, the glob-

f=—p—nNymT Iogx—T{—Sz—(z— 1)51}, (4  ule phase has a nonvanishing monomer densiand occu-
2 pies a volume that tends to z¢ro

_ The first result of the Bethe approximation is that the
whereu=pu—2zTlog Zou, p=L/N is the monomer density, above model has a coil-globule second-order phase transition
Nwm=Nwm/N is the density of water-monomer contacts atx.=+/(z—2)/(z— 1), which can be computed by means of
(number of contacts per sjteandS; andS, are the site and a Landau expansion of the variational free enefgge also
nearest neighbor pair entropies, respectively. The latter cafi6], where results are reported in terms of — 3logXx).
be written in terms of the probabilitiess (p;) and multiplici-  For x>x, the polymer is in a coil state, while for<x, the
tiesmg(i) [my(i)] of the site(pair) configurations, as system undergoes a phase separation into a pure water phase,

and a globule phase with a monomer density that depends on

z ] X. In the square lattice case we haxg=0.8165, while a
S = _21 mg(i)s; logs; , recent Monte Carlo estimate i§=0.717[21] and the pre-
diction based on the Poissonian approximafib8,14] is x.
4 =(0.405.
— ; Following [13,14] we have considered the case=4,
= my(i)p; logp; . 5 9
= ;1 plD)Pilogp ©® ap=2, qs=0. In Fig. 1 we have compared sections of the
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FIG. 1. Phase diagram in tlevs T plane, using the, estimates &

from Bethe approximatiorisolid line), Poissonian approximation (<)1

(dasheg, and Monte Carlo simulatioidash-dotted m=4, g,

=2,9s=0, hy=1, andhg=0.4 (a), 0.6 (b), 0.8(c), 1 (d).

critical surface in the J,T) space for several values of
hs/hy, obtained using the. estimates from the Bethe ap-
prox@mat!on, Monte Carlo simulation and the Poissonian ap- FIG. 3. The same as Fig. 2, but helih, = 0.32, corresponding
proximation. to K<

The main features of the phase diagram are qualitatively
the same for the three, estimates, and the phase diagrams

obtained using the Bethe and Monte Carjoestimates have transition, at ag pqint: for hs/hp=1 we can Ca” this a
also a rather good quantitative agreement. strongly hydrophobic polymer. Indeebs/h,>1 yields the

ForJ>—2(h,—h,) (i.e., K>0) the polymer is compact POSitive peak in the excess specific heat of single monomer
s (e,

at low temperatures and swells, with a continuous phasgydration that is the experimental hallmark of hydrophobic-
ity, together with a positive solvation free ener{3,14)).

In Fig. 2 we have reported the hydration free energy, mono-
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FIG. 2. Hydration free energi(a); the dash-dotted line repre- 0 —100-=50 0 50 100 150 200 250
sents the critical valdgmonomer densityb, solid ling, density of t[°C]
monomer-monomer contacth, dashed ling and excess specific
heat(c). m=4, q,=2, 9s=0, hg/h,=1.25, and)/h,=0.5, corre- FIG. 4. The same as Fig. 2, calculated using the empiric hydra-
sponding toK>0. tion free energy fronf22].
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cess(with respect to pure watgespecific heat in a typical For K>0 andhg/h,>1 we do not detect cold unfolding, at
case. The monomer density plot shows that the compadiifference with the results reported ji3,14]. That effect
phase can include a significant amount of water, which inshould therefore be attributed to the Poissonian approxima-
deed happens in polX-isopropylacrylamidg[2]. tion, which underestimates too much thevalue.

For J<—32(h,—hy) (i.e., K<0) the polymer is swollen Finally, we have repeated our calculations using the em-
at low temperatures, but two regimes are presentK|fis  piric hydration free energy for a hydrophobic monomer
large enough, the polymer is swollen at all temperaturesteported in[22]. It is noteworthy that the excess specific
There is, however, a significantly wide range of valuegdf  heat exhibits a feature that is found also in poly
where a reentrant behavior can be found. The polymer i$§N-isopropylacrylamidg[3], namely that the excess specific
compact in a certain range of temperatures, and swells with beat is smaller in the compact phase than in the expanded
second-order phase transition both at a lower and at an uppene (see Fig. 4.
critical temperature. Whenhg/h,>1 this situation In conclusion, we have mapped out the phase diagram of
can describe (except for the order of the phase the model proposed il3,14] for the solvation of monomers
transition the behavior of a “moderately” hydrophobic and polymers in the homopolymer case. We have also com-
polymer such as poly{-isopropylacrylamidg and poly puted several thermodynamic quantities in the infinite length
(N-isopropylmethacrylamide 2—4], which exhibits the cold limit, by means of the Bethe approximation developed in
unfolding transition. Again, a typical case is shown in Fig. 3.[16]. The results show that the model can describe the be-

In small regions around =0, additional reentrance phe- havior of both strongly and moderately hydrophobic poly-
nomena can appear, giving rise to more complicated semers, including the cold unfolding transition.
guences of phase transitions which, as far as we know, are
not observed in experiments, that, by the way, can access This work was supported by MURST through the re-
only the limited range of temperatures where water is liquidsearch project “Heteropolymers and Proteins.”

[1] G.I. Makhatadze and P.L. Privalov, Adv. Protein Cheti, [12] P. De Los Rios and G. Caldarelli, Phys. Rev6g 031802

307 (1995. (2001.
[2] C. Wu and X. Wang, Phys. Rev. Le80, 4092(1998. [13] P. Bruscolini and L. Casetti, Phys. Rev. Létb be publishej
[3] E.I. Tiktopuloet al, Macromolecule®7, 2879(1994. [14] P. Bruscolini and L. Casetti, J. Biol. Phy@o be publishef
[4] S. Fujishige, K. Kubota, and I. Ando, J. Phys. Ché8,.3311  [15] J. Douglaset al, Phys. Rev. E55, 738 (1997).

(1989. [16] S. Lise, A. Maritan, and A. Pelizzola, Phys. Rev5& R5241
[5] See, e.g., C. Vanderzandsttice Models of Polymer&Cam- (1998.

bridgg University Press, Cambridge, 199&nd references [17] G M. Bell and D.A. Lavis, J. Phys. &, 568 (1970.

therein. [18] A. Ben-Naim, J. Chem. Phy§4, 3682(1971).

[6] A. Hansenet al., Eur. Phys. J. B5, 157 (1998.

[7] A. Hansenet al,, Eur. Phys. J. BLO, 193(1999.

[8] P. Bruscolini and L. Casetti, Phys. Rev.6&, R2208(2000.

[9] A. Bakk et al., e-print cond-mat/0007078.

[10] G.T. Barkema and B. Widom, J. Chem. Phyisl3 2349
(2000, and references therein.

[11] P. De Los Rios and G. Caldarelli, Phys. Rev.68 8449
(2000.

[19] K.A.T. Silverstein, A.D.J. Haymet, and K.A. Dill, J. Am.
Chem. Soc120, 3166(1998.

[20] A. Patrikiejew, O. Pizio, and S. Sokotowski, Phys. Rev. Lett.
83, 3442(1999.

[21] P. Grassberger and R. Hegger, J. Phys. 597 (1995.

[22] K.A. Dill, D.O.V. Alonso, and K. Hutchinson, Biochemistry
28, 5439(1989.

050801-4



